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1. Introduction 

AdS/CFT correspondence is Icnown to be an efficient tool to investigate dynamics of 
strongly coupled conformal field theories, such as nonlinear fluid dynamics. For example, 
the equations of hydrodynamics can be obtained by deforming the solutions of gravity 
with negative cosmological constant and requiring that the deformations asymptotically 
satisfy the Einstein equations. The AdS /hydro dynamics correspondence particularly was 
used to calculate various transport coefficients in holographic fluid leading to remarkable 
predictions such as the ratio of entropy density to sheer viscosity in conformal fluid [jl| , , 
0, 1, i], 0, 0, H, 0, m, [0' 11' 11 The equations of conformal hydrodynamics 



can altogether be cast in the form of the "conservation law" : 

VmT^'' = (1) 

where 

oo 
rpmn \ ^ rpmn{N) /r)\ 

N=0 

where 

ymn(o) _ ie(^™ + 4m""m") (3) 

is the ideal fluid part (with e ~ T"^ being the energy density satisfying e = 3P where P is 
the pressure and T is the temperature) 

o 

being the viscous part (with rj and C being the shear and the bulk viscosities proportional 
to the third power of the temperature) and terms with N > 2 representing the dissipative 
corrections to the Navier-Stokes equation , traceless and transverse, satisfying T^'^^^'Um = 
0, which are of order A^ in the derivatives of u and become significant if the mean free path 
is comparable to the characteristic wavelength in the fluid. 

Thus the full stress-energy tensor in hydrodynamics involves the derivative (gradient) 
expansion in the velocity with each expansion order producing new transport coefficients. 
For example, the second order terms result in 5 new transport coefficients in conformal 
hydrodynamics. At present, there exist various approaches to generate the derivative ex- 
pansion (4) in the dual gravity theories. Strictly speaking, none of these approaches has 
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complete control over the expansion (4) and the systematic calculation of the relative trans- 
port coefficients from dual gravity models is still problematic, especially beyond the second 
order hydrodynamics [^ , [|15[ Many gravity models describing the holographic fluids gen- 



erally involve the Gauss-Bonnet terms that are of higher order in the curvature and the 
resulting transport coefficients particularly depend on the Gauss-Bonnet coupling. These 
theories typically have issues with unitarity and causality which signals that, in general, 
they may not be fundamental but rather effective theories, with certain physical degrees 
of freedom, such as higher spins, integrated out. For this reason, string theory (which 
naturally includes higher spin modes) appears to be a particularly promising framework to 
approach the AdS/hydrodynamics duality and to test the transport coefficients at higher 
orders. In this paper we analyze the problem of AdS/hydrodynamics correspondence from 
string theory side, by computing graviton's conformal /3-function in sigma-model for AdS^ 
noncritical string theory, with the graviton polarized along d = 4 AdS boundary. The 
string model that we use is the RNS string theory perturbed by vertex operators describ- 
ing gravitational perturbations around AdS^ background and higher spin gauge fields in 
Vasiliev's frame-like formalism. The low-energy limit of this model is given by the MMSW 
(Mac Dowell - Mansouri - Stelle- West) [jl^, [0, [0 coupled to Vasiliev's higher spin 



gauge fields [19|, [20|, |21], [22| and the vacuum solution of the low-energy theory is given 



by the AdS geometry P^ . Our main result (checked up to A^ = 2 level, with higher order 
checks now being in progress) is that the beta-function of the graviton is given by 

Pmn — -ti-mn y '^-^ rr 



- mn 



-'-mn 9mn ' T:'"'m"'n ~r / ^ mn 

N=l 

where Tmn are the terms in the derivative expansion of the stress-energy tensor in d = 4 
hydrodynamics. In other words, the low-energy equations in AdS string model are given 
by the Einstein equations with cosmological term and the matter, with the latter described 
by the hydro dynamical stress-energy tensor. Here Qmn and Um are the massless excitations 
described by spin 2 and 1 vertex operators in AdS string model, in closed and open string 
sectors accordingly. The spin 1 operators (related to transvection isometry generators in 
AdS space 1^^) serve as sources of the velocity vector in this model. As for the open string 



vertex operators for the massless higher spins, in this paper, instead of coupling them to 
generic Vasiliev's higher spin gauge fields, we consider the special case of coupling these 



operators to polynomial combinations of Um , constructed to satisfy the same linearized 
on-shell (BRST-invariance) conditions as the underlying higher spins. As a result, in the 
leading order of a', the structure of the higher order corrections to f3mn (polynomial in u) 
is determined by the structure constants of the operator algebra of the higher spin vertex 
operators (this operator algebra, in turn, fully controls the cubic couplings for generic 
higher spins). In the leading a' order, only the three-point correlation functions on the 
worldsheet contribute to the graviton's /3-function. Our main result is that, the matter 
stress tensor appearing in the /3-function, reproduces the derivative expansion (4) in the 
stress tensor of the conformal fluid at the temperature T = -, which is checked up to 
the order of A^ = 2. Since the temperature transforms covariantly under Weyl rescalings, 
this result implies that the AdS string theory computation reproduces the stress tensor 
of the conformal fluid at a particular temperature gauge. We find that, at the order of 
N = 2 and higher, the /3-function receives nontrivial contributions from higher spin vertex 
operators. These contributions are crucial to ensure the conformal covariance of the stress 
tensor. In particular, at the N = 2 level the graviton's /3-function is contributed by the 

< 2 — 3 — 3 > correlator on the disc, while at higher orders operators of spin 4 and higher 
also enter the game, so the holographic derivative expansion (4) is controlled by operator 
algebra of higher spin vertices in the limit of a' — )■ 0. The rest of the paper is organized as 
follows: In the Section 2, we explain the basic vertex operator setup of the sigma-model, 
which low-energy limit describes the AdS gravity coupled to higher spins in the frame- 
like formalism. In the section 3, we perform the computations of the < 1 — 1 — 2 > and 

< 1 — 3 — 3 > correlators, contributing to the graviton's /3-function and reproducing the 
holographic expansion (4) up to the second order. In the concluding section, we comment 
on the structure of the higher order terms related to higher spin contributions and and 
discuss physical implication of our results. 

AdS String cr-Model: Vertex Operators and 2d Weyl Invariance 
In this section we review the construction of the string-theoretic sigma-model [^| 
with some modifications, that will be used in our calculation of the graviton's beta function. 
Technically, the sigma-model that we use in calculations in this work is similar but not 
identical the one constructed in our previous works (e.g. see [2^) as it will combine vertex 
operators for both Fronsdal-like objects (such as vertex operator for a graviton describing 
perturbations around AdS vacuum) and those of Vasiliev's type (describing frame-like 
higher spin excitations around AdS vacuum solution of the low-energy equations of motion) 



The AdS string sigma-model considered in [23] was based purely on vertex operators 
for frame-like gauge fields (rather than those of Fronsdal type) and was described by the 
the generating functional 

Z(e:^, <^ qA,...a^^,\b,...b,^ ^ J ^[^^ ^^ ^^ ^^ ghosts]exp{~SRNS + e^^F^La 

+<^(p)(FrL„ - ^F„,L-) + c.c. (6) 

I V^ QAi...A,.i\Bi...Btirm i 

+ 2_^ ^^m Mi...A,_i|Bi...bJ 



3>3;0<t<s-l 



where 



SrNS — Smaller + She + S p^ + S Liouville 
Smaller = "^ / d''z{dXmdX^ + ^^9^"^ + V'^aV'"^) 

Shc = ^ f (fz{hdc + hdc) 
2n J 



(7) 



Sp'y = ^ I d^z{(3dj + (3dj) 



SuouvMe = -^ / d''z{d^d^ + aAA + aAA + //oe^^(AA + F)) 

where Srns is the full (i-dimensional RNS superstring action; X'^(m = 0, ...d — 1) are the 
space-time coordinates; (p, A, F are components of super Liouville field and the Liouville 
background charge is 

Q-B + B-' = ^^ (8) 

Next, Cm and Um are vielbein and spin connection gauge fields generated by closed string 
vertex operators which holomorphic and antiholomorphic components are given by 



JpX, 



2 
or manifestly 



Fm = -2Ku, o / dzXi^me'P^ (z) 



(9) 



Fm = -2 I dz{\^m{l - 4c>cce2>^-2'^) + 



2ce>^-^(AaX^ - difil^m + ^mPJ'J^ - \{m)^n. ' p^PJ'J J)}e^P^(^) 



(10) 



Next, 



f dze-^^iXd^X"" - 2dXdX'' 



+ip''(-d^X + -d^dX - -X(d^f + (1 + 3q^)X(3d4^b4^^ - —d^^))}e'P^ 
2 q 2 2q 

at the minimal negative picture —3 representation 
and 



(11) 



L" = Ko / dze'^iXd^X" - 2dXdX'' 

+ip''(-d^X + -d^dX - -X(d^f + (1 + 3q^)X(3diJbi^^ - —d^^))}e'P^ 
2 q 2 2q 



(12) 



at the minimal positive picture +1 representation, (similarly for its holomorphic coun- 
terpart L"). Here and elsewhere below the normalizations of vertex operators are chosen 
so as they lead to standard normalizations of corresponding kinetic terms in low-energy 
effective action. Then, 

p ^ r(l) I i?(2) I r(3) (-,o\ 

-f ma J- ma ^ ^ ma ^ ^ ma K^'^J 



where 

fW = -4qKu, o J dzce^-'^XiPm'ipa 

U2 = [Q-Qs.Ce^-'^Xlpmi^ae'P''] - '-cX{{mijai^m-Pmi^aPfl^)e'''''{z) 



(14) 



and 



Fl^l = Kof dziJmi^ae'P'' = -4{Q, / dzce^^-^^e'P^'iJmMz)} (15) 

Fj^l = K o j dzeHi^[md^X,^ - 2aV'[^aX„])e^^^(z) (16) 

Here the homotopy transform of an operator V K oV is defined according to 



KoV = T+ ^^FT- {—{z-w)^: Kd^'W : {z) 



N\ T 2z7r 



+ M / l^^^^^'t^^ " wrK{z)]K{Q,rsu U} 



(17) 



where w is some arbitrary point on the worldsheet, U and W are the operators defined 
according to 

[Qi,rst,V{z)]=dU{z) + W{z), (18) 



K = ce2>^-2<^ (19) 

is the homotopy operator satisfying {QbrstiK} = 1 and A^ is the leading order of the 
operator product 

K{zi)W{z2) ~ {zi - Z2)''Yiz2) + Oiizi - ^2)^+') (20) 

The partial homotopy transform T^L = Kr o T of an operator T based on T is defined 
according to 

L{w) = KroT = T+ t^ i^iz-w)^: Kd^T : {z) 



+M / l^^^^^'t^^ " ^)''Ki^)]K{Q^rsu u} 



where A^ is the leading order of the OPE of K and T. Particularly, if [Qhrsti T] = §T , 
the partial homotopy transform obviously coincides with the usual homotopy transform. 
Finally, V^ ^ .^ b;0<i<s — 1 are the open string vertex operators for emission of 
gauge fields of spin s which, in Vasiliev's approach are described (for each s) by collection of 
two-row fields n*~^l* = Oj^'"^"^' ^"' *. In this approach, only the O^"^!*^ field is dynamical 
while those with nonzero t values can be expressed in terms of order t derivatives of the 
dynamical field: 0^~^l* ~ d^^'Vt^~^^'^ through generalized zero torsion constraints (e.g. 
see [|T9[, [^, [^, [^, [^) In string theory, these constraints are realized in terms 



of ghost cohomology conditions on the higher spin vertex operators [^. The BRST- 
invariance constraints on the hiugher spin vertex operators (6) lead to linearized on-shell 
constraints on the frame-like fields while BRST nontriviality conditions lead to gauge 
symmetry transformation by these fields; the worldsheet correlators of the appropriate 
vertex operators multiplied by the corresponding space-time fields are then invariant by 
construction [^^. The vertex operators in the generating functional (6) can be classified 
in terms oh ghost cohomologies H^ ~ H-n-2',n > 0. For example, the spin 2 operators 
for vielbein and connection gauge fields are the elements of Hq ® Hi + c.c. (with H and 
H) referring to holomorphic and antiholomorphic parts) while the class of higher spin 
operators Vg of s > 3 that we are considering, is restricted to open string vertex operators 
at nonzero cohomologies; typically, Vg G H^ with s — 2>n>2s — 2 (this includes both 
dynamical and the extra fields that sit at different cohomologies, with the dynamical field 
occupying the lowest order positive cohomology). In the previous works [^, [^ we 



analyzed the low-energy limit of the model (6) showing that , in the leading order in e and 
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uj in the absence of the open string excitations (spin 1 and higher spins) its low-energy 
equations of motion are given by 

da; + a;Aa;-eAe = (22) 

which vacuum solution is given by AdS geometry (here and elsewhere, unless specified 
otherwise we set the AdS radius pAdS = !)• 

All the vertex operators (6) are related to underlying global symmetries of space- 
time. In particular, at the limit of momentum zero, the L"-operators, entering expressions 
for vertex operators of vielbein are related to transvection generators in the isometry 
algebra of AdSa while F"^"-operators are related to the rotational part of this isometry 
algebra. V^ ^ i^ j^ -operators, in turn, are related to the higher spin currents, or the 
generators of the higher spin symmetry algebra which, to put it roughly, is the infinite 
dimensional algebra related to the universal envelopping of the isometry algebra. The 
higher spin algebra is thus realized in superstring theory as the operator algebra of the 
appropriate higher spin states, which structure constants are given by the relevant 3-point 
correlators, or the leading order contributions to the conformal beta-functions. In the 
present paper, we investigate the correlators contributing to the /3-function of the graviton. 
Our interpretation of the spin one and the higher spin vertex operators is, however, different 
from the one of the previous papers ||2^ , [^ . Instead of interpreting the vertex operators 
as the emission vertices for fundamental particles, we consider them as sources of various 
polynomials in the vector field u^ (with the polynomial degree obviously related to the 
spin value) with the structure of the polynomials determined by the on-shell conditions 
on the corresponding operators. The idea is that, in the limit of a' — > the polynomial 
contributions to the /3-functions and the derivative expansion (2) are controlled by the 
appropriate structure constants in operator algebra of the higher spin vertex operators for 
frame-like gauge fields (which, in turn, naturally realise higher spin algebra in a certain 
basis). 

The constraint w^ = — 1 particularly follows from the on-shell conditions, allowing 
us to interpret u^ as the velocity vector in some underlying fiuid. Then the /^-function 
equations of the graviton are realized as the Einstein equations with the cosmological term 
and with the matter, with the matter stress tensor being that of the hydrodynamics. Our 
claim is that the derivative expansion in holographic d = 4 hydrodynamics is determined, 
in the leading order, by the higher spin algebra in AdS^ (calculated in string theory 



approach), with the higher order dissipative terms controlled by the derivative structure 
of higher spin correlators. 

3. Graviton in in the Frame-like Sigma-Model 
and 2d Weyl Invariance of the Operators 

As was explained above, the first building block that we shall need in our construction 
is the graviton vertex operator describing metric perturbations around the AdS vacuum, 
as opposed to operators for vielbeins and spin connections present in (6) Similarly to the 
fiat space case (where the graviton operator is an object bilinear in fiat space translation 
operators), the vertex operator for the graviton that we are looking for has to be an object 
bilinear in AdS^ isometry generators (transvections), with the BRST constraints imposing 
appropriate on-shell conditions and gauge transformations. According to (6) there are two 
types of such operators - those of L-type and those of F-type. The bilinears of mixed 
L — F type correspond to vielbeins and connection gauge fields (elements of [Hq Hi]- 
cohomology, so the suitable candidates are either F — F type (in [Hq (g) Hq] cohomology) 
or L — L type (elements of [Hi (g) Hi]). The objects of F — F type, however, clearly do 
not reproduce proper on-shell conditions and have excessive gauge symmetry, therefore 
the appropriate candidate for the graviton operator is the one in [Hi ® //'i]~[i7_3 H-s], 
with the explicit expression given by 

+ip'^{-d^X + -d^dX - -X(d^)^ + (1 + 3q^)X{3dtl;j,t(jP - —d^^))}{Xd^X'' - 2dXdX'' 
2 q 2 2q 

+ip''(-d^X + -B^BX - -Xid^f + (1 + 3q^)X(3B4^ai^'i - —B^^))}e'P^ 
2 q 2 2q 

(23) 
at minimal negative picture —3 unintegrated representation and 



V = Gran{p)KK o f d^ ze'^^^ {XO^ X"^ - 2dXdX'^y 



+ip"'(-d^X + -dipdX - -Xidiff + (1 + 3q^)X(3dij„ijP - —d'^^))}{XB'^X'' - 2BXdX'' 
2 q 2 2q 

+tp^dB^X + -By^BX - l-X{By^f + (1 + 3Q2)A(3a^,V'' - ^B^^))}e'P'' 
Zi (J Zi ^Q 

(24) 
at minimal positive picture +1 representation (note that the operators at positive coho- 
mologies are always integrated). The antiholomorphic ^-transformation is defined simi- 
larly to the holomorphic one (17). The transformation G*"^"^ — ). Q-mn j^p(m^n) gj^^jf^g (^24) 



by BRST-exact part. The leading order contribution to the graviton's beta function is 
the result the Weyl invariance constraints on the operator (24). These constraints can be 
conveniently deduced from the OPE: 

^ (fz (fwTzz{z, z)Vgrav{u!, W) (25) 

by expanding around the midpoint and evaluating the coefficient in front of 

~ g''°y^^2^ ' 2 (note that the trace T^z of the stress-energy tensor, generating the 
Weyl transformation, is nonzero off-shell or, equivalently, in the underlying e-expansion) . 
For a usual graviton operator ~ Gmn{p) J (PwdX'^dX'^e'^P^ {w,w) in the bosonic string 
this procedure leads, after simple calculation, to the standard /3-function contribution, 
quadratic in momentum, given by the linearized part of the Ricci tensor plus the second 
derivative of the dilaton ~-Rj^'^' — 2pmPn^ with $ ~ tr{Gmn)- The calculation, leading 
to the identical result, is similar in superstring theory. The graviton operator should then 
be taken at canonical ghost picture (unintegrated h — c picture and (—1,-1) /3 — 7 ghost 
picture), so Vgrav = cce~'^~'^ '^^■^^ e^'P-^ and the relevant terms in the stress tensor are 

rp _^rpmatter , rpb — C t rpp — 'f 

-'- zz 1- zz ' -'■ zz ' -'- zz 

1 _ _ _____ (26) 

= -i-dX^dX"^ - dtlJm^^ - dtlJm^^ + dada + dxdx - d(Pd<j)) 

The OPE of Vgrav with T^"**'^'^ then contributes the term ~ p^Gmn to the graviton's 
beta-function (which is the gauge-fixed linearized part of the Ricci tensor, with the gauge 
condition ~ p^Gmn = 0), while the contribution stemming from the OPE with T^^^ 
cancels the one from the OPE with T^g"^ since dada{z,z)cc.{w,w) ~ u_\^|2 cc(w, w), 
d(t)d(t){z,z)e~'^~'^{w,'w) ~ , _^^|a e~'^~'^(w, w) and a and (/)-terms of Tzz have opposite 
signs. It is this cancellation that ensures the absence of "cosmological terms" in the (3- 
function of the graviton with the conventional vertex operator leading to Einstein gravity 
around the fiat vacuum. In case of the vertex operator (24), the OPE of T^"**^'' with 
Vgrav ~^ still results in appearance of the linearized Ricci tensor. However, since this 
operator is the element of if_3 ® -ff-3, and its canonical (/)-ghost picture is (—3, —3) ^ 
the contributions from T^^^ ^ind T^^ ^ no longer cancel each other as 



|(l-3^)vf-^ ^''-^ 

' grav V"^7 "-" J ' ~ TT |2 



{Tlr + T'^P){z, ^)n™t^^-n«', w) ~ '' 'J'j; (27) 



leading to the cosmological term proportional to ~4Gmn in the /3-function. Thus the 
Weyl invariance condition brings the piece proportional to ~ j^hneanzed _|_ 4(^^^ ^q h^q 
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/3-function (assuming that the dilaton is switched off). The higher order (quadratic) terms 
in /3^„ are given by the appropriate 3-point functions. In the next section we shaU analyze 
these terms by computing the corresponding 3-point correlators on the disc. 
4. Graviton's /3-function: quadratic contributions 
We start with the analysis of<l — 1 — 2> and < 3 — 3 — 2 > correlators on the 
disc. These correlators give rise to contributions of zero and second powers in momentum, 
particularly producing terms corresponding to stress tensor of ideal fluid and second order 
hydrodynamics (in this paper we disregard the higher order contributions, such as those 
of the quartic order) . The first order terms stem from Weyl invariance constraints on the 
operators while the third order is is produced by<2 — 2 — 3> and < 2 — 2 — 1 > disc 
correlators, (in this paper, however, we do not consider the third order terms). We start 
with the < 1 — 1 — 2 > contribution. The spin 1 vertex operator is the element of Hi, 
given by 



Vs^i = UmL'^ip) =Ko f dze^iXd^X"" - 2dXdX' 



+ip''(-d^X + -dipdX - -X(dipf + (1 + 3q^)X(3diJb''P^ - — aV))}e'^^ 
2 q 2 2q 



(28) 



To ensure the overall (/)-ghost number balance (—2 on the disc) it is convenient to take the 
graviton's operator unintegrated at (—3, —3) picture representations while transforming 
both of the integrated spin 1 operators to picture 2. The full expression for Vg^i at picture 
2 is complicated, however we don't need all the terms but only those contributing to the 
3-point < 2 — 1 — 1 > correlator according to ghost number selection rules. The picture 2 
operator contains three classes of such terms - those proportional to e^'^ ghost factor, those 
proportional to he^'^~^ and those proportional to ce^, so the no n- vanishing ghost corre- 
lators are proportional to the exponential factors ~ < e~^^~^^{Q)ce^^^{Ti)he^^~^{T2) > 
and ~ < e~^'^~^'^(0)e^'^(ri)e^''^(r2) > where ri and T2 are the locations of the s = 1 opera- 
tors. Straightforward evaluation of the picture-changing transformation of (24), however, 
shows that the overall coefficient in front of the terms proportional to be^'^'^^ vanishes, 
so it is only the second ghost structure ~ < e~^'^~^'^{0)e'^'^{Ti)e'^'^{T2) > that is relevant 
to the correlator. Thus we only need the part of Fg^i at picture 2 proportional to e'^'^; 
straightforward application of picture-changing and homotopy transformations lead to the 
following expression for the relevant part of Vs=i: 

Vs=i{z;p) 

(29) 
10 



u"^' 



where P I. , (ai 2 s are numbers) are the conformal dimension N ghost polynomials 



ik). 



which definition and properties are discussed in [^; the space-time vectors Lm ]k = 
1,...,5 are the conformal dimension k operators consisting of the matter fields, which 
manifest expressions are given by: 



(fc-3)! 



pd^f'-^^F^ail - 5'[)a{l - 5. 



k\ 



1 aiv-D.av , '^Pr: 



2{k 



+(1 - b\)(l - '^2)[^^^^5^'-'V9^^^ (30) 



l-p. 



m 



d^p-^^ifiidip)^ + 2(1 + 3Q^)idtptp - -^aV))] 



^ (A;-2)!^2g^ 2 ^ 4Q(A; - 1) ^ 

+Sl] - ^(1 + 3Q')p^A(pV;) - (2 + 3Q2)^p^a<^ _ 2QdX^] 

+^^[^(1 + 3Q2)p^A(p9v;) + fa^x^ - ^(a^)2]}e^^^ 

Although the expression (29) for the integrated picture 2 1^=1 depends on an arbitrary 
point z on the worldsheet, this dependence is irrelevant in correlation functions since all 
the w-derivatives of (29) are BRST-exact. For this reason, w can be chosen arbitrarily in 
the integral (29). 

We are now prepared to analyze the three-point < 2 — 1 — 1 > amplitude on the disc. 
The unintegrated K,=2 vertex is convenient to place at the disc's origin, that is, at the zero 



point. The calculation strategy is similar to the one described in p^ It is convenient to 
map a disc to a half-plane using the conformal transformation: 

. - f(^) - ~ (31) 

and to calculate the 3-point correlator on the plane . The integrals over the disc boundary 
are then transformed into integrals over the real line. On the half-plane, it is convenient 
to choose wi = W2 = f in ti and T2 integrals for the open string vertices. Having 
calculated the half-plane correlators, we shall further conformally map it back to the disc 
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and evaluate the integrals (which essentually will become the angular integrals). Under 
the transformation (31) the left part of the 1^=2 vertex operator is mapped to zi = | while 
the right part is mapped to Z2 = — f . The ghost factors of the correlator for each term in 
the sum over /ci, /c2 (stemming from the summation over k in(29)) are given by: 

-\l-ri\%-r,r><H%:'j,],in\'-^-'^ (32) 

x[iyi5^._5.4(ri|-,--,r2)ifi5^._5.4(r2|-,--,ri) 

+ 12(ri-r2)^i?i'5U4(^l|^'-^'^2)i:^S;-5;4(r2|^,-^,ri)] 

where the functions ifai, ..ajv(T|Ti, ...tn) are defined according to 

N\mi,...,mM j = l,mjy^O J "^J i=l ^ « / 

Here {toi, ...niN}', mi < m2--- < rriN are the partitions of number A^ of length A^ including 
zeroes; Pm for rrij ^ are the multiplicities at which given rrij enter the partition; and 
by definition Pq = Pm =o = 0, Pq' = 1 no matter how many zeroes enter the partition. 
For example, the partition 10 = + + + + + 1 + 1 + 2 + 3 + 3 would read as nii = 
0; 7712 = 1, ma = 2, m4 = 3 with P^, = Po = 0; Pm,=Pi = 2; Pm,=P2 = 1; Pm, = P3 = 2. 
Therefore the overall < 2 — 1 — 1 > correlator on the halfplane is given by: 

< Vs=2C-,-'-)Vs=iC-)Vs=iC-) >=g-^^-^{p)u-^{qi)u-Hq2) 



5 5 



k 

/oo 
-00 



^ ^ ^ 1922 X (5 - A;i)!(5 - k2 

'I — 1 k2 — 1 



1 



X 



J-00 ^ ^ (2 - '^1)12 "^2) 

1^ |12|^ |12 ,, Tj-(5-fci) / 1^ i Mj-(5-fc2) / 1^ ^ X 

l2-^il '2" ^2! X ^l3;-3'2(^il 2' "2'^^'' -3^-3^2(^2!-, --,ri) 

x[ifi5^._5.4(ri|-,--,r2)i?i5'._5.4(r2|-,--,ri) 

+12(ri-r2)2if3^_5;4(ri|^,-^,r2)ifit_5;4(r2|^,-^,n)] 

X <F^,(p;^)F^,(p;-l)L(f/)(Qi;ri)L(J^)(Q2;r2) > 
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(34) 



The final step is to evaluate the matter part of the correlator in (34), given by < 
FmAP'i ^)Fm2{P'i-^)Lnl\qi]Ti)L\i^'{q2]T2) >, with the expressions for lJ^ given in (30). 
It is convenient to define the following functions 

^mHyKa^i.pi); (3^2,^2), (3^3,^3)) 

= (-l)"(a-l)![, ^^^-, +, ^^^-, + ^^^- ^ 



[y-xiY {y-X2Y (y-xsY 

7>^(«i,a2,a3)«4) / \ 

^A {Z1,Z2,TI,T2) 

E< d^'''h{zi)d^'''h{z2)d^'''h{ri)d^'''h{r2) > 

(_l)«i+«3(a^ + a,)!(a3 + a^)! 
(-l)"^+"^(ai+a3)!(a2 + a4)! 

{Zi - ri)«i+«3 + l(z2 - r2)"2+a4 + l ^gg^ 

(-l)"^+"^(ai+a3)!(a2 + a4)! 



(Zi - r2)"i+"4 + ^(-22 - ri)"2+a3 + l 
Crmim2nin2/^ ^ _ _ N 

'^[a,6,c,d] (^i,^2,ri,r2J 
~ (2i-Z2)"+''(ri-r2)^+<^ 

/ _ 2 ") a+f'^Tii ni ^m2r!,2 

{zi - ri)«+^(22 - r2)^+'^ 



{Zl - T2Y+'^{Z2 - ri) 



Then the straightforward computation gives (with zi = Z2 



< F^,(p;^)F^,(p;-^)L(f/)(gi;ri)L£^)(Q2;r2) > 

24 (36) 

= 5Z ^Sm2nin2 (^1 ' ^2, Tl, T2 |p, gi, 52) 
1=1 



where 

13 






x{[ 



ai,a2 = l 61,62=0 

'iai+a2+b2+fci„ 



(_l)ai- 



'^ni 



n2 



(A;i - 61 - 1)!(A;2 - 62 - l)!(ri - r2)Pi+P2-^i-^2+i 

(ai +a2 - l)!?7mim2 



x(- 



(-21 -^2)"i+"2 

+i?(;j;)(zi|(^2,p);(ri,Qi),(r2,Q2))i?feH-22|(-2i,p);(ri,Qi),(r2,Q2))) 

^. (4 -ai- 02)1(61 + 62)! 

^ (-21 --22)^""i"""('ri -r2)^i+^2+i 
(2 -ai+ 61)1(2-02 + 62)! 

{Zi - ri)3-«i-^2(^2 - T2)-"2+^i+3 

^ (2 -ai + 62)1(2-02 + 61)1 
(-21 -ri)3-«i-bi(22 -r2) -"2+^2+3 ^J 

^92^^ 



Next, 



-(l-'^ij(l-'^^2)- 



X- 



(^2-3)1 
(_l)fci-bi (fc^ + ^2 - 61 - 3)lKf -"-'-"^'''^''-'^^(^i, ^2, Ti, r2) 



x( 



Ct", _ f^'\ki+k2-bi-2 
(-l)"l(ai +a2 - l)l??mim2 



(2i-22)"i+«2 
(-l)"i(ai+62-l)l?7min2 



(-21 - r2)"i+^2 



i?£'n^2|(-2i,p);(-22,p);(ri,Qi)) 

RtlHri\{zi,p)] {Z2,p)] (r2, Q2)) 



(-l)"2(a2 + 62 -I)l?7m2n2 D(ai)/ w w w ^^^^ 



(37) 



H^lm^n^n^ (^1' ^2, ^l, r2b, Ql, Q2) 
«l,a2 = l 61=0 

(-1)°^+"^+"^+"^ (3 + 9Q^)r7^,^292ni92n2i^r"^''"°^^''^^°(^i, ^2, ri, r2) 
2{ki -61 -l)l(ri -T2)'=i +^2-1-61 (2^ _22)"i+"2 
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(38) 



Next, 



X 



^Smanmal^l. ^2, n, Tab, Ql, 0^2) 

= (1-5«J(1-50J(1-5^J 

X E E (C-0(C-0 

ai,a2 = l 6i,&2=0 

(/ei - 61 - 1)!(A;2 - 62 - 2)!(ri - r2)'=i-^i+^2 
. (-I)"^r7^,»..i?i'r'^"'^(r2|(p,^i),(p,^2),(9i,ri)) 

(^1 - Z2)"i+"2 
(-l)"i?7^,nii?m2^(^2|(p,^l),(9l,Ti),(g2,T2)) 

(-l)"2?^^^^^i?^i)(^;L|(p, ^2), (?1, ri), (q2, T2)) 



X 



(zi - Z2) 



a2+k2 — b2 — l 



(39) 



Next, 



Next, 



X 



^Sm2nin2(^l. ^2, Tl, r2b, Ql, ^2) 

= (1 - <5^j(i - C)(i - '^k)(i - 4)(i - ^l)i^ - C) 
X E E (C-0(C-0 

ai,a2 = l 61,62=0 

x(5j-25,\)(5,2^-254) 
(A;i-3)!(/c2-3)!(ri-r2)^i+'=2-5 



H^lm2n^n2 (^1' ^2, Tl, r2b, Ql, Q2) 
= 3(l + 3g2)g-g2n2(l-C) 

X E EE(C-0(C-25^J 

ai,a2 = l 61 = 1 62=0 

xK-2Sl){6l- 61(1-61)) 

(-l)^^K^"^^^-"-^^-''^^°(zl,^2,n,r2)>gfc^-2W^^^f--''--^^(^l,^2,rl,r2) 
^ (A;i - 3)!(A;2 - 2 - 62)(ri - r2)'=i+^2-2 
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(40) 



(41) 



Next, 

= -9(1 + 3g2)Qi.,g2n.(l - 6l){l - 6l){l - 6l){l - 6^) 

2 1 

X E E ('^'i - 0('^'. - ^'^"J^ - ^l(^ - €))« - ^6.(1 - C)) 

ai,a2 = l bi,b2=0 

(' ^^bl(h I J, ^I 7V'2-ai;2-a2;l;l/ „ \„mn c[«i;«2;fci-bi-l;A:2-b2-l] / ^ ^ ^\ 

[ — i)'^[0l+02)irix [Zl,Z2,ri,T2)'r] Omim2mn [Zl, Z2, Ti, r2) 



{ki -hi- 2)l{k2 - 62 - 2)!(ri - r2)''i+^2+i 
^Sm2nin2(^i'^2,ri,r2|p,Qi,Q2) = -jqimq2n2 Yl ^C " 25^i)(C " 25^2 



X 



ai,a2 = l 

(-1)^1 (ai + a2 - 1)!(4 - ai - a2)!(A;i + k2 - 1)! 
(A;i - 1)!(A;2 - l)!(^i - Z2f{Ti - r2)P^+P2 



(42) 
(43) 



X 



^mim2nin2(^l'^2,ri,r2b,Ql,Q2) = -?lni?2n2 

-l)^^fci(l - <)(! - SDjl - ^^J(l - ^^J(l - J^J 
(A;2-2)!(ri-r2)'=i+i 

/ ■' ^ "1 "1^^ "2 0.2' 1^ _ 22)"l+"2 

ai,a2 = l 

^ {k2 - a2)l{2 - ai)l {k2 - ai)l{2 - a2)l , 

X 



(21 - r2)'=2-«2+i(22 _ r2)3-«i (^1 - r2)'=2-«i+i(22 - ra)^-"^ ^ 

H^^lm^n^n^^Zi, ^2, Ti, r2b, Ql, ^2) 

X E E ('^a.-0('^a2-2'^^2)(-< + ^5.\)M.°2 + ^5.\) 

ai,a2 = l 61,62=0 



(_l)fci+ai+6i (fe^ + fc2 _ 61 - 62 - 3)!(4 - ai - a2)! ^,..,i+,,.i+,, 

(2_^ _ 22)^~"i~"2(7-^ _ T-2)fci+fc2-&i-&2-2 I'^mimanma 

(-l)"i(ai + 6i)!?7^,n,i?fe^(22|(p,^i);(gi,ri);(Q2,T2))i?£^'^^(T2|(p,2i);(p,22);(gi,ri)) 

(21 - ri)"i+^i+i 

(-I)"^(a2 + 6i)!?7^2nii^fc^(^i|(p,^2);(gi,ri);(g2,r2))i?i'2^'^^(r2|(p,2i);(p,22);(gi,ri)) 

{z2 - ri)"2+^i+i 

(-I)"^(ai + 62)!r?^in2i?fe^(^2|(p,^i);(gi,ri);(g2,r2))i?i\+'^^(ri|(p,zi);(p,z2);(g2,r2)) 

(21 - r2)«i+''2+i 

} 

(45) 
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«?2 



n2 



X 



2Q{ki-bi-2)\{k2-2)\ 

ih-bi-iy. 



^Sanma (^1, ^2, Ti, r2b, ^1,^2) 

- (l - Sl){l - 6l){l - Sl){l - 6l) 



ai,a2 = l 61=0 

{k2-ai)\{2-a2)\ 



{k2 - a2)K2 - ai] 



(n - r2)'=i-^i (21 - r2)'=2-«i+l(22 - r2)3-«2 (^2 - r2)'=2-a2 + l(2^ _ r2)3-«i ^ 

(-l)"^+Hai + 6i)!?7^,.,i?fe^(^2|(p,^i);(gi,Ti);(g2,T2)) 
(-l)«^+i(ai + 6i)!?7^,nii?te^(^i|(p,^2);(gi,Ti);(g2,T2)) 



X 



(^2 - Tl 



la2+6i + l 



-(i-<^.°j(i-<^^j(i-C)(i-4)x 



^mianma (^1. ^2, n, r2b, gi, g2) 
ig2n2(2 + 3g2) 



X 



{ki-bi-2y.{k2-2)\ 



ai,a2 = l 61=0 

^ (_l)fci-bi(fc, -61-I)! ^ (-I)«i(4-ai-a2)! 

(-l)"^(ai + bi)lrjm^mRtl\z2\{p, zi); (gi,ri); (g2,r2)) 

(-l)"^(ai + 6i)!?7^,nii^mi^(^i|(p,^2);(gi,ri);(g2,T2)) . 
(^2 - ri)»2+&i+i J 

^m?m2nin2(^1.^2,ri,r2|p,gi,g2) = ^^??nin2 (1 " 5^ J (1 " ^ ) 



X 



y^ y iSl^SlJ{6l- 61(1 -6lJ)i6l- 61(1 -6lJ) 



«1 &1,&2=0 



(fci-6i-l)!(fc2-62-l)! 



xf l)^-^^fit +fc 6 6 ov ^A"""'^''"''^-^te^(^il(^^^2);(gi,rO;(g2,r2)) 
x(-l) ^ki + k2-bi-b2-2y. _________ 

^mfmanmal^l. ^2, n, r2|p, gi, g2) 

^ >^ (^g. - ^s'aM, - ^sJM. - ^^\(i - ^k))K - ^K^ - ^pJ) 

^ ^ (A;i-6i-l)!(A;2-3)! 

2-a,;2;6,;2-a.(^^^ ^2, Tl, r2)(fcl + ^2 " ^l - 3)! 



X 



x(-l) 



"1 61,62=0 

Q-l+61+fcl 



7>^z — ai;z;oi 

(ai+a2-l)!^ 



(zi - r2)"i+"2(ri - r2)''i+''2-''i-2 
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(46) 



(47) 



(48) 



(49) 



2 1 

«i ^1,62=0 

'2-ai;2;6i;0/ 



i^ 



x(_i)-i+^i+'=i(ai + A;2 - 62 - 2)!-^ 



{zi,Z2,Ti,T2){ki +62 -bl)l 



(^-^ — 'j-2)"'l+^2—b2 — l('j--^ — 'j-2'\ki+b2—bi+l 



(50) 



^mfmanmal^l. ^2, n, r2|p, ^l, Q2) 
Pm2QlniVmin2 / -i -1 \ | 

^ y^ y^ (^^25iJ(-50^ + i5,\(l - 5IJ) 



ai 61=0 



(A;2 - 62 - 2; 



(ai + 62)! ^1 (2-ai)!A;i!(A;2-l-62)! 

X "7 ^^ 7~i 7^ X 



, 1. .^fc,+l (4-ai)!(fci + fc2-2-62)! 
4^ ^ (2i-^2)^-"Kri-r2)'=i+'=2-^'2-iJ 



(51) 



^mfmanmal^l. ^2, n, r2|p, Ql, Q2 



Pmi Qlni Tlm2'n\ 



E(C-0(-i)"^+' 



(fci-l)! 
(3-ai)!fci! 



ai 



(2i-22)4-«i(22-ri)^i + l 



x[k ^^^+'^' 



■2 '^M^i-^2; 



ai+2 



25L 



ai! 



(^1 - r2) 



ai + l- 



(52) 



X 



^mjmanmal^l. ^2, n, T-2b, Ql, ^2) 



2 1 



ai=l 6i,f)2=0 



X 



(A;i-l-6i)(A;i-l-62) (53) 



(z2-ri)'=i-^i(zi -r2)'=2-&2 

??mini(ai +6l)!i?n2"^''^-'(T2|(p,^l);(p,^2);(gi,n)) 

(^1 -ri)"i+^i+i 

Vrmn2{ai +^2)!^ni^'"Vl|(P,^l);(P,^2);(g2,7-2)) 

(^2 - r2)«i+^2+i 
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2 1 



1 



ai,a2 = l 61,62=0 



X- 



(A;i-2-6i)!(2i-ri)"i+^i+i 



x^M^2 + 



2 '^a2)(2'^6U8'^.\(l-C)) 



x{ 



(_l)ai+a2+fci+6i (4 _ ai - 02)! 



(fcl - 61 - 2)l{zi - 22)'^-"i-"2 
^ (A;2 + a2 - 62 - 2)!(A;i - 61 + 62 - 1)! 

(a2+62)!(fei + fe2-^i-^2-3)! 

(-22 - r2)"2+^2 + l(7-^ _ T-2)fci+fc2-bi-b2-2J 
(_l)ai+.i+6,(i_52) 



2(^1 + ^2 -61 -4)! 



8(A;2-3)!(^i-22)3-"i 
2(A;2-2)!(/ei-6i-l)! . 



(22 - r2)4(ri - r2)'=i+'=2-''i-3 (^2 - r2)'=2+i(^^ _ 7-2)^1-^1 
3(1 + 3Q^)(-l)"^+''^+^^(l - ^^J(fci + fc2 - 61 - 4)! 
^ (A;2 - 3)!(^i - Z2Y-^-{z2 - r2)4(ri - r^Y^^''^-^--^ 

^m?m2nin2(^l' ^2, Tl, r2|l), Ql, ^2) 
= -Pm292n2??mini(l " 5^J(1 - C)(l " '^fcl) 



} 



E 



ai,a2 = l 61,62=0 
-»2 



(A;i-2-6i: 



1 + 3Q^ ,0 ^ 1 .1 .^ .2 ^^. 1 el 1+3Q^ e2 

(ai + 6i)!(a2 + A;i-6i-2)! 



""^ iQ~"^' 



x{ 



{Zx - Ti)"i+^i + l(^2 - Ti)"2+fci-&i-l 

(1- 01 + ^2-62)1(2 -as + 62)! 

(-21 - r2)2-«i+^2-&2(22 - r2)3+^2-a2 

(1 - a2 + A;2 - 62)1(2 -ai + 62)! . 

(Zi -r2)2-«2+fc2-&2(22 -r2)3+^2-aJ 

(-1)^1(1-51 )(fci- 61 -1)! 



+ 



(/C2 -ai)! 



(-22-ri)'=i-''i(;22-T2)2 

(^2-2)! 



■(^1 - r2)'=2-«i+i(22 - r2) (-21 - r2)3-«i(22 - r2)^2 
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^]} 



(54) 



(55) 






^ ^ J2 (^ai-2^aJ(-< + I^^\(l - '^iJ) 



ai = l 61=0 
l2 



(-l)-i(ai+&i)! 



-2 



x{(2 + 3Q )p^,Q2n,r7^,n, X 2(^^_^^^„,+b,+i 

(_l)ai+6i+fci^4 _ ^^),^^^ _ ^^ _ ;l)! 

{Zi-Z2r--^{Z2-Ti)'^^-'^{Z2-T2r 
2 

(_l)ai+a2+i(4 _ ai - a2)!(/ci - 61 + a2 - 2)! 

5-ai-a2 ('^^ _ Ti '|A;i-&i+a2 — 1 



(56) 



X- 



(zi-22)^-"^-"^(22-ri) 



X 



(-1)"! (ai + 6i)!?7mini^n2 (r2|(p, ^1); (p, Z2); (gi, ri)) 
(-l)"iai!?7^,n2^i\+^'Vil(P.^i);(P,^2);(?2,r2)) 



(2i-r2)«i+i 
(-l)'+'^(l + &i)!r?nin2i?fc^(^i|(p,^2);(?i,ri);(Q2r2)) 



(ti - T2 



\bi+2 



]} 



ai,a2 = l &i=0 



H^lL^n^n^ (^1' ^2, n, r2|p, Ql, Q2) 



{ki-2- hi 



X- 



(51 - i(l + 3Q2)5 ,)(zp^J(-l)«i+i(4 - ai - a2)! 



x{ 



(-l)"^(a2 + A;i-6i-2)!.(-l)«i(ai+6i)!r7^,^,i?S(r2|(p,^i);(p,^2);(?i,ri)) (57) 



_ T-, \a2+ki-bi-l 



{Z2 - Tl 



2(zi -ri)"2+fci-&i-i 

(-l)"^(ai + l)!?7^,„,i?£+''^^(ri|(p,Zi);(p,^2);(Q2,r2)) 
2(^1 - r2)«i+2 

(-l)i+"i(6i + 2)!77^,„,i?fc)(^i|(p,^2);(Qi,ri);(g2r2)), 



2{ti-T2)'^+^ 

tq2n,Vm,n, (-1)-^+-^+'^+'^^ («! + 6i)!a2!(A;i - 61 - 1)! 



2{zi - ri)"i+^i+l(22 - T2)"2+1(ti - T2Y^-^^ 
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} 



^mfmam n2 (^1' ^2, n, Tab, 91,^2) = (l-5fcj(l-5fcj 



2 1 



X 






4Q 



(58) 



.Pm,qin,Vm,n,{-irHkl - 1 " &l)!(l + &l)! . ^^^"2 («1 + 1)' ^Q^l^ll 



X 



(2i-2;2)3-"i(22-ri)'=i '2(zi-r2)"i+2 (2i-r2)"i+i- 

^mfm2nin2(^l,^2,ri,r2|p,gi,Q2) = -(1 - 5fc J (1 - 5fc J (1 - 5fc J 

3(1 + 3Q^) r^mmaPmaQlni 

"" 2(fci-3)! "" (^2-ri)4 



(59) 



X 






2^51 a J 



1- 



ai = l 



(2i-22)3-«i' 2(2i-r2)"i+2 (-2i-r2)"i+i- 



^mfmanmal^l, ^2, Ti, T2\p, Ql, Q2) 
2 1 (- 1+3Q^ jO I 1 (1 jl )jl ) 



ai = l bi=0 



2(A;i-6i-l) 



Q5L(ai + l)! 



2QSlai\ 



^ 2(zi-r2)"i+2^^ ' (^i-r2)"i+i 



X 



(A;i-ai-5i + l)!(5i + 2) 

\fci-ai-6i+2('~ _ ^ \3+b 



{2 - ai + bi)l{ki + 1 - bi)\ 



{Zl - Ti 



2 Xl 



a2=0 



{Z2 - ri)3+^i (zi - ri)3-«i+&i (^2 - Ti) 
'^a. 1 + 3Q2 . l-'^P 



pi+2-61 



Q 2Q 



sL)y< 



VI 



02! 



2(/ci-2)! (ri-r2)"2+i 

1 nJ 



X 



_ Q^4(ai + 1)! ^g5^^ai!_ Q^4(ai + 1)! ^Q5^^ai!_ 

^ 2(^i-r2)«i+2 ^^ ' (^i-T2)«i+i^ ^ 2(zi-r2)-i+2^^ ^ (^i-r2)-i+i^ 

(fei -Ql)! (fci -02)! ,. 

(zi -ri)'=i-"i+i(^2 -ri)3-«2 (zi -ri)3-«i(^2 - ri)^i+i-"2 ^^^ 

(60) 



X 



^S.n,n.(^i,^2,ri,r2|p,Qi,Q2) = 5^^ 5^^ J^ (5^, - 25^^(252^ - (1 + 3Q2)5i^ 



ai ,a2 = l 



X [-(1 + 3(5^)pTn2gini?7mi 



'^2 



(-l)"^+^ai!a2!(4-ai-a2)! 
(^1 - 22)^^""^""^ (-21 - r2Y^+^{z2 - ri)"2+i 

i9n2/ i^ai+V,-^ ^ .. (4-ai)! ^^ ^ (-l)"^ai!?7^inii?£^(r2|(p, ^i); (p, ^2); (qi, n)) 

(zi - ^2) ^ (-21 - ri)"i+^ 

(-l)"lai!?7^^„2i?iV(Tl|(P,2l);(P,22);(?2,T2)) ??nln2^ml^(2l|(P,^2);(?l,rl);(Q2T2))^l 



(^1 - T2)"i + 1 



(ri - r2) 



(61) 



21 



^mfm2nin2(^l,^2,ri,r2b,Ql,Q2) = CC Yl "^C ~ ^'^"i^ 



ai =1 






(^1 - r2)"i+2 (n - r2)4 

Pm2 92n2^mini(ai + 1)' 



+ 



(Zi - ri)«i+2(zi - 22)3-"i(22 - 7-2)4 

(62) 
2 

^mim2nin2(^1.^2,ri,r2b,gi,Q2) ='^fci'^fc2 J2 ^^^1 "^^^J 

..r ^Pm2Q'(-l)"^+H4-ai)! ^ (-l)°^ai!r7^,nii?i?(T2|(p, ^i); (p, ^2); (qi, rQ) 
^^ 2(21-22)^-"! ^ (2i-ri)«i+i 

^ (-l)"^(ai + l)! ?7^,^,i?iV(Ti|(p,^i);(p,Z2);(Q2,r2)) 



(^1 - r2)«i+2 

??nin2i?mi^(2l|(P, 22);(Ql,ri);(Q2'r2)). 



(n - r2)2 

<3Pm2?2n2^miniai! 



2{zi - Z2)^-^^{zi - ri)-i+i(^2 - r2)4 
^/l, l + 3Q% 2^ (-l)"^+Hai + l)!a2!(4-ai-a2)! , 

(63) 
This gives the < 2 — 1 — 1 > correlator, contributing to the graviton's /3-function. Next, 
consider the contributions from spin 3 excitations, that stem from the < 2 — 3 — 3 > 
correlator. The spin 3 vertex operators are given by 

V^Zf = Hmab{q)ce-^U'^dX''dX'e''i''{z) (64) 

at negative unintegrated cohomology H-3 representation and 

V}^p = Hmah{q)K o j dze'^ij'^dX''dX^e''J^{z) (65) 

at positive Hi cohomology representation. The on-shell conditions on the spin 3 field Hmab 
are given by 

q^Hmab = (66) 
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V'^'Hmab = (67) 

and 

rj^^'^Hmab = (68) 

As was noted above, instead of considering Hmab as fundamental excitations, we are 
looking for polynomial combinations of u coupling to the vertex operators (64), (65) and 
satisfying the on-shell conditions (66)-(68) to ensure the BRST properties of the operators. 
The only suitable combination satisfying (66)- (68) is given by 

J ^J ^ (69) 

+ -^5ahUm{p) - -^{SmaUbip) + S^nbUa{p)) 

In order to satisfy (66)-(68) Ua must furthermore satisfy UaU"' = — 1 with zero vorticity 
condition P[aUb]{p) = and incompressibility PaU'^{p) = 0. Note that the u^ = —1 con- 
straint can also be obtained from the vanishing on the /3-function for the spin 1 operator 
(29) which, in the leading order, can be computed to give /3" ~ Ubig""^ + u°'v}'). As the 
/3-function is the object that must be calculated off-shell, in the calculations below we shall 
keep the terms, that are both non-transverse and have nonzero vorticities, as they only 
vanish in the on-shell limit. 

As in the < 2 — 1 — 1 >-computation, it is convenient to take the graviton's operator 
unintegrated at canonical (—3, — 3)-picture, locating it at the disc's origin (accordingly, at 
z = I on the half-plane). As for spin 3 operators, located at the boundary of the disc 
(accordingly, on the real line after the transformation to the half-plane) they both should 
therefore be taken integrated at picture 4-2. Instead transforming the operator (65) to 
picture 2 by picture-changing transform, it is more convenient to consider the operator 

C,a.|.(p) = K o y e2^(-2a^-^,aX(„,a2X„,) (70) 

with y^l^ being a vertex operator for the spin 3 extra field o;^'^ in Vasiliev's frame-like 
formalism ||2^. This extra field is related to the dynamical metric-like field o;^'*^ = Hnab 



of (65) up to BRST-exact terms through the cohomology constraint [^ given by 

a;f l^(p) = 2p^i?f (p) - p'-Ht^ip) - p'H':^{p) (71) 
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In addition, it is straightforward to check that the Weyl invariance of V"^'^ also requires 



uf^" = (72) 

which can also be seen directly from the primary field constraint on 1/^1^ at the dual —4 
picture. In particular, this implies that the graviton's /3-function can be shifted according 
to 

since such a shift corresponds to the same on-shell limit and, in this limit, doesn't violate 
the conformal invariance on the worldsheet. Next, given (69) and (71), the vanishing Uc 
condition (72) leads to 

-P{aUb) + d'^k d^qu^ik + q)pmUa{k - p)ub{q - p) = (74) 

or, in the position space, 

d(^aUb) + U{^a{ud)Ub) = (75) 

Note that, with the u^ = —1 constraint the left-hand side of (75) can be cast as the 
traceless tensor, transverse with respect to u"". 






which is nothing but the first-derivative dissipative term in the hydro dynamical stress 
tensor. 
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The straightforward calculation of the < 2 — 3 — 3 >-correlator then gives 

/oo />oo 

- oo »/ — oo 



"OO 

X 



x(- + ri)6-^^'^nn-r2)^^'^^-^x[ifi'^)_5^4(ri|^i,^2,r2)i?i'5\_5^4(r2ki,^2,rO 



+ 



12 ^.(3) / , ^ ^ .rriS) 



/ _^ p gi5;-5;4(nkl,^2, r2)ifi5^_5.4(r2|^l, ^2, Ti)] 
2 

(_l)a2+/3l+7l+Ai(4 _ ^^ _ ^^) ?7„,^,?7,,e,(A + /32) !(7l + 72) ? - ^n.c.r^n.c, 

(Zi - Z2)^-"i-"2 (ri - r2)^i+'32+7i+72+2 

r?7miai?7Tn2a2^&lb2(«l + Pi " 1)!(«2 + P2 - 1)!(-^1 + ^2 " 1)! 



^mia2^m2ai??6i62("l + P2 " I)!(a2 + Pl - 1)!(-^1 + ^2 - l)!. 



(^1 -r2)"2+Pi(22 -ri)°i+^2(^^ _T-2)Ai+A2 J 

(76) 
This concludes the computation of the integrand of the 2 — 3 — 3 correlator contributing 
to the graviton's /3-function. The next step is to perform the integrations of the lengthy 
expressions (34)-(63) and (76) in ri and T2- All the integrals entering the < 2 — 1 — 1 > 
and < 2 — 3 — 3 > amplitudes (34)-(63), (76) have the form: 

I{ai,a2;/3i,/32;'y;L) 

/OO pTl 

dr, / dT2{Ti - Zirin - Z2nr2 - Zi)^'{t2 - Z2)^'{ti - T2r 
-oo J — oo 

(77) 
with the powers in the integrands given by 

ai,2 = -2qiq2 + Mi,2 

Pi,2 = -2qiq2 + Ni,2 (78) 

j = kik2 + P 

where L, Mi, M2, Ni, N2, P being various combinations of the integer numbers following 
from the manifest expressions (34)-(63),(76), so the overall < 2 — 1 — 1 > and < 2 — 3 — 3 > 
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amplitudes are given by the appropriate summations 

< 2 - s -s > |s=i,3 ~ ^ I{ai,a2;bi,b2;c]d) (79) 

L,Mi,M2,Ni,N2,P 

The contributions of these sums to the AdS graviton's /5-function in the hmit a' — > are 
then determined by the coefficients in front of the simple pole ~ {Qiq2)~^ produced by the 
integrations. Although the integral (77) looks complicated one of hypergeometric type, 
things simplify drastically if we use the overall conformal invariance of the amplitudes 
(34), (76) allowing us to map the half-plane expressions back to the disc. The integrals 
over Ti and T2 are then conformally mapped to the double angular integral over ipi,^p2 
with the angular variable < (f < 2n parametrizing the boundary of the disc. With the 
conformal transformation (31), it is easy to check that the relation between </? and r is 

r = ^tanq + -) (80) 

The resulting angular integrals turn out to be remarkably simpler. Namely, simple compu- 
tation using the conformal transformations of (31), (80) and changing the angular variable 
according to y + j — )■ (/? gives 



/(«i, «2; /3i, /32; 7; L) = (-1)^2-'^^-^--^^-^--^ 
X [F(«i + a2|/3i + /32I7) + F{ai + a2 + 2|/3i + /^sIt) (81) 

+F{ai + a2\(3i + (32 + 2\-f) + F{ai + a2\(3i + (32^) 



where 



F{a\j3\'y) = / d(pi / d(p2tan'^(pitan^(p2itan(pi — tan(p2)'' (82) 

Jo Jo 

Integrating one obtains 

^, ,^, , . ,(5^+f2 + '^-:;^4)r(/? + i)r(7 + i)^(<J"+^4 + 5-^^6)r(/3 + 3)r(7 + i)^ 

F{a\l3\'y) =i7r[ —j- — h ' 



r(/3 + 7 + 2) r(/3 + 7 + 4) 

(83) 

This is precisely the pole structure we are looking for. Using Mathematica, it is now 

straightforward to simplify the integrands of (34)-(63), (76), to substitute the appropriate 

values of /(cti, 0^2; /^i, /92; 7; L) for each of the integrals using and to compute the coefficient 

in front of the pole (/ci/c2)~^ in the field theory limit a' — ?> 0. The final result is that the 
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contributions of spin 1 and spin 3 excitations to the /3-function of the graviton are given 
by 

omn 1^ nmn a ""iy \f / 

P<2-1-1> "rP<2-3-3> — ^^ -^ 

10 (84) 



-imn 

i=i 



where 



+ / d^ki 



x{J d^k J d% J d%u-{k - p){qi + q2Y'u^\qi + q2) 

xub^Qi -k-p){q2 - k - p)b2Ub3{q2 - k - p) (85) 

d^k2 fd^ks fdUi fd%{qi+q2)du''{ki + k2)u\k2 - p) 

xu^''{k3 -k2+p)u'^\qi +q2)uhAqi - ks - k2 + p) 
x(q2 -ks -k2+p)b2Ubsiq2 -ks - k2 + p)} 

rr = G4r].,tJd^k{urHk-p)ujf'{k+p) 
-Iv'^^'u^rHk - pH'^'ik + p)} 



3 



,20 



(86) 



12Q2 _ ^)?7"^'^ f d%{k -p)a{k + pYub{k - p)u\k + p) 

+{k - p)a{k + p)bu\q - p)u''{k - p)] 

-^-^ j d'^k j d'^qi j d^q2U^{k-p)u^{q^+q2) 

X [(^2 -k-p)a{qi-k- p)bu''{qi -k- p)vf'{q2 - k - p) 
+ (^2 -k-p)a{qi-k- pYub{qi -k- p)v!'{q2 - k - p)] 



T3"^" = 32 I d^k{k-p)au''{k-p)u^''\^{k+p) (87) 
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Tr = Q(^Jd''kJd\iJd%{k-p)aiqi+q2)b 

xu^{k- p)u^{qi + q2)u"-{qi -k- p)u^{q2 - k - p) 

-327j^^ J d^k J d% J d%{k-p)a{qi+q2)b 

xup{k - p)vF{qi + q2)u"'{qi -k - p)u^{q2 - k - p) 

-1677"^'^ / d^ki [ d^k2 [ d^ks [ d^qi [ d^q2u'^{ki + k2)u''{k2 - p) 



X{ks - /C2 +p)a{qi +q2)bUp{k3 - /C2 +p)w^(Qi + Q2) 

X'u"(qi -ks-k2+ p)u^{q2 -k^-k2+p) 
T^^ = 4(3Q2 _ 1 _ 1^) fd^ku^ip -k){p + k)p{^{p + k)mUn{p + k) 

+ hp + kYu'^{p + k)- ri^^^'ip + kTua{p + k)) 

Tr = l2fd''kfdUi[d%{{q2-k + p),u''{k + p)u,{qi + q2)u^{qi-k + p) 
{u^{q2 — k + p){q2 — k + p)'^ + u^{q2 — k + p){q2 — k + p)^)} + perm{m ^ n} 



(89) 



(90) 



(91) 



(92) 



T^^ = -16 f d^k I dUi I d^q2{u'^{k + p)u''{qi + Q2) + tx"(A; + p)u'^{qi + Q2)) 

X'u''(qi - k + p)u''{q2 - k + p){q2 - k +p)a{q2 - k +p)c 

Tg™ = -1677"^- /"rf4/, /'^4^^ I d^q2u''{k+p)u\qi+q2) 
xu^iqi - k + p)ub{q2 - k + p){q2 - k + p)a{q2 - k+p)c 

Tg"^- =48 f d'^ki I d'^k2 [ d^ks [ d\i f d\2 
{u^'^iqi + q2 + ki)u''\qi + q2 - ki)u''{p - qi - k2)u\p - qi + k2) (^3) 

xvF{q2 -p- k-i)uh{q2 - P + k3){q2 - p + ks)a{q2 -p + k3)p} 

T]^^ = 16 f d^ki f d^k2 f d^ks [ d^qi / rf V 

W'^iqi + q2 + ki)u^^ {p-qi- k2)u''{qi + Q2 - ki)u\p - qi + Q2) ^^^^ 

xuP{q2 - p - k3)ub{q2 -p + k3){q2 -p + k3)a{q2 -p + k3)p} 
As it is clear from (84)-(94), the overall result for the /?- function of the graviton, 
polarized along the d = 4 boundary, generally depends on the value Q of the Liouville 
background charge (which in turn can be expressed in terms of the central charge 

28 



CLiouv = 1 + 3(5^). Therefore in general, the trace of the /3-function is nonzero. Trans- 
forming (85)- (94) to the position space and using the v? = —1 condition it is straight- 
forward to check that the overaU trace of (84)- (94) vanishes for Q = v2 which precisely 
is the case for (i -(- 1 = 5, where the trace of spin 1 contributions is cancelled by that of 
spin 3. In this case the answer has a natural interpretation in terms of holographic fluid. 
This concludes the computation of the graviton's /? function in AdS string sigma-model, 
up to terms quadratic in momentum. Combining (84)-(94) and (27) one finds that van- 
ishing of the beta-function (84) leads to low-energy equations of motion in space-time, 
equivalent to equations gravity with the matter, described by the stress-energy tensor 
of four-dimensional conformal fluid. To see the relevance of this matter stress tensor to 
holographic hydrodynamics, one has to shift /3"^" according to 

with u^ given by (69), (71). As was explained above, such a shift does not change the on- 
shell limit of the theory due to the Weyl invariance constraint (72) on spin 3 vertex operator. 
The resulting stress-energy tensor for the matter then simply describes the conformally 
invariant second order hydrodynamics at the temperature T = tt"^ with 5 extra transport 
coefficients in the second order. The relative values of the transport coefficients are become 
remarkably close to those obtained in the AdS^ gravity computations P], with less then 10 
percent discrepancy, albeit at a specific temperature in string theory calculations performed 
in this work. Note that in conformal second order hydrodynamics both the stress-energy 
tensor and the temperature transform covariantly under the 4d Weyl rescalings: Qmn -^ 
e^gmn according to T"^"^ — )■ e~^^T"^" and T — )■ e~^T so the temperature can always be 
fixed by appropriate Weyl transformation. In other words, the holographic second order 
hydrodynamics appears in a particular gauge which, in a sense, is not surprising, as it is 
generally the case in string theory calculations. In the next concluding section we shall 
discuss the implications of the main result (84) and particularly outline the calculations 
that still need to be done. 

5. Conclusions and Discussion 
In case of (i = 4, Qd+i=5 = v^ the two-derivative piece of the matter stress tensor 
in the graviton's /3-function becomes traceless and can be interpreted in terms of two- 
derivative corrections to conformal hydrodynamics in (i = 4. Transforming to the position 
space, it is straightforward to relate the contributions to the graviton's /3-function to corre- 
sponding terms in the gradient expansion in conformal hydrodynamics. The contributions 
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related to the Weyl invariance constraints on the graviton's operator combined with con- 
tributions from the < 2 — 1 — 1 >-correlator of order zero in momentum result in the 
ideal conformal fluid terms in the /3-function, proportional to g"^"^ + Au^u^ . Shifting the 
/3-function by the trace of cu^l^ spin 3 extra field, ~ w^"'^, which vanishing on-shell follows 
from the Weyl invariance constraints on the spin 3 operator (72) leads to the leading or- 
der dissipative term, containing one derivative due to the ghost cohomology/zero torsion 
constraint (71) relating extra fields to the dynamical field in Vasiliev's formalism. Finally, 
the contributions (85)-(94) given by T/""(z = 1,...,10) are quadratic in momentum and 
stem from the < 2 — 3 — 3 > correlator combined with the appropriate terms from the 
< 2 — 1 — 1 > correlator. These terms describe the two-derivative dissipative corrections 



in the second order hydrodynamics [|T5[, 0, 0. The spin 3 contribution is crucial to 
ensure the vanishing trace of the matter tensor. Note that, at least in the approximation 
considered in this paper (up to second order) there are no contributions from the mixed 
< 2 — 1 — 3 > correlator, as all the relevant terms in this correlator are cubic in A and van- 
ishing for this reason. Transforming to the position space, it is straightforward to identify 
rpmn ^[iiy i\yQ corresponding two-derivative structures in the second order hydrodynamics, 
related to 5 new transport coefficients for the conformal fluid, appearing in the second 
order. Namely, 

T^"" ~ 3{ud)u'^{ud)u'' - (ry™ + u'^u''){ud)ua{ud)u'' 

10 



(96) 



i=5 



with p°'^ ~ Wc 

These structures are all well-known to appear in the second order of the gradient 
expansion of the conformal fluid. They correspond to T2a,726,T2c, ^2^ and T2e terms, 
considered in [^. 

The correlators considered in this paper, as well as those related to graviton interac- 
tions with operators of higher spin values will also contribute the higher derivative contribu- 
tions (with three and more derivatives) that were not addressed in this work. At this stage, 
many more higher spin correlators should enter the game, possibly including those with 

30 



mixed symmetries and those coming from closed string sector. As in the two-derivative 
case, however, the conformal symmetry significantly reduces the number of terms and new 
transport coefficients at higher orders. It is not clear at present if higher order correc- 
tions to the gradient expansion in conformal hydrodynamics can be described in terms of 
contributions from two-row Vasiliev's frame-like fields or more mixed symmetry degrees of 
freedom are needed The latter almost certainly produce the structures that are present in 
the third and higher order hydrodynamics but violate the 4d conformal symmetry, however 
the question is whether the contributions from the two-row fields are sufficient to describe 
the conformal limit. To answer these questions we need to have better understanding of the 
general expansion structure of higher order hydrodynamics. Our main conjecture, based 
on the leading order results of this paper, suggests that , in general, the gradient expansion 
in conformal hydrodynamics in (i = 4 is controlled by the higher spin correlators in string 
theory and, in the leading a' order, the derivative structure of the gradient expansion must 
be holographically related to that of higher spin vertices and to the structure constants 
of higher spin algebra in AdS^, with the orders of the expansion roughly corresponding 
to the total spin value carried by the HS vertices. It would be particularly interesting to 
explore the relation of the gradient expansion at higher orders to well-known structures 
of the cubic and quartic vertices for higher spins Q, [g8[, [g9[, [0, 0, fS^], g, g. 



| 36[] , |l37|| which presumably should exist in the limit of a' — t- 0. If the higher spin 



interpretation of the gradient expansion in hydrodynamics, investigated in this paper in 
the string theory context, is still correct at higher orders, the higher spin algebra in d = 5 
would provide a powerful tool allowing to control the transport coefficients in higher order 
hydrodynamics. Another important problem to investigate is the role of a' corrections 
in this expansion and their holographic interpretation. This may lead to new nontrivial 
and intriguing symmetries relating the expansion structures and transport coefficients at 
different orders and understanding these symmetries in terms of higher spin quantization. 
The work on these and other issues is currently in progress and we hope to be able to 
present our results soon in future works. 
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